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Introduction

A graph G is said to be a singular graph provided that its adjacency matrix A(G) is a singular
matrix. The algebraic multiplicity of the number zero in the spectrum of the graph G is called a nullity
(degree of singularity), and is denoted by n(G). See [5] or [6].

A vertex weighting of a graph G is a function f: V(G) —R where R is the set of real numbers, which
assigns a real number (weight) to each vertex. The weighting of G is said to be non-trivial if there is at least
one vertex v for which f(v) = 0. A non-trivial vertex weighting of a graph G is called a zero-sum weighting
provided that for each veV(G), 2w(u)=0, where the summation is taken over all u in the neighborhood of v,
ueNg(v). A graph G is singular, if and only if there is a non-trivial zero-sum weighting for G.

Out of all zero-sum weightings of a graph G, a high zero-sum weighting of G is one that uses maximum
number of non-zero independent variables.

In Fig.1.1, the weighting for the graph G is a high zero-sum weighting that uses three independent
variables, hence n(G)=3
It is clear that, the complete graph K, the even path P», and the cube Qs has no non-trivial zero-sum
weighting. While the star graph Sin.1,has a high zero-sum weighting that uses n-2 independent variables,
N(S1.n-1)=n-2 and for the cycle Can, uses 2.

We start this section with the following well known results.
Corollary 1.1: [4] and [7, p.234] (End Vertex Corollary)(E.V.C.)

If G is a bipartite graph with an end vertex, and if H is an induced subgraph of G obtained by deleting

this vertex together with the vertex adjacent to it, then 1n(G)=n(H).
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Proposition 1.2:[8] Let v be any vertex (which need not be a cut-vertex) of a graph G with order at least 2.
Then, n(G) -1 <n(G-v) <n(G) +1.

This paper, is based on M.Sc. Thesis submitted to the Faculty of Science, University of Zakho by the second
author under the supervision of the first.

Theorem 1.3:[8] Let v be a cut-vertex of a graph G of order n and G, Gs,..., Gs be all components of G-v. If
there exists a component, say Gi, among Gi, Ga,..., Gs such that n(G1)=n(Gi+v)+1, then n(G)=n(G-v) -
1=3i-1n(G) — 1.

Theorem 1.4:[8] Let v be a cut-vertex of a graph G of order n and G: be a component of G-v. If n(G1)=n(G1
+V)-1, then n(G)=n(G1)+n(G-Gy)

The vertex identification graph G:+G is obtained from G; and G by identifying the vertex ueG;
with veG,. The edge introduced graph G1:G; of two graphs G, and G is obtained by introducing the edge
e=uv between a vertex ueG; with a vertex veG;

Two vertices of a graph G are said to be of the same type (coneighbors) if they are not adjacent and
have the same neighbors. Thus, two vertices vi, v; of the same type have the same row vectors Ri=R;

describing them, where Riand R; are the i"" and j™ row vectors of A, corresponding to the vertices vi and v;,

i,j=1, 2, ..., p. Each pair of such (same type) vertices results in two dependent rows which yield a zero in
spectra of the graph G. It is clear that the occurrence of m equal rows contributes (m-1) to the nullity. Two
adjacent vertices with the same neighbor are call semi- coneighbors (S.C.). Moreover any pair of semi-
coneighber vertices must have the same weight in any zero sum weighting of the graph.

Lemmal.5: (Coneighbor Lemma ) (C.L.) If a graph G contains a pair u and v of coneighber vertices, then
N(G)= n(G-v)+1.

Proof: In the adjacency matrix A(G), the corresponding rows to u and v will be identical. m

The graph I's of order 9 possesses a high zero-sum weighting that uses exactly 3 independent variables
namely X, y and z thus n( I's)=3, and the vector (X, -X, X, -X, Y, -y-Z, Z, -y-Z, )T isin the null space of A(I's).

¢ ¢ o’y
-X@ .L L -X
— o Y

_y_z X

Figure -1: The graph I'.

To identify non adjacent vertices u and v of a graph G is to replace the two vertices by a single vertex

adjacent to all vertices that are adjacent to either u or v in G, we shall denote the resulting graph by G/{u, v}.
Definition 1.6: [1] and [2, p.31] Let (G, u) and (G2, v) be two disjoint graphs rooted at vertices u and v,
respectively. We attach G; to G, (or G, to Gi) by identifying the vertex u of G: with the vertex v of Go.
Vertices u and v are called vertices of attachment. The vertex formed by their identification is called the
coalescence vertex. The resulting graph G10G: is called the coalescence (vertex identification) of G; and
Go.
Definition 1.7: [2, p.31] Let {(G1, v1), (G2, V2), ..., (Gt, 1)} be a family of not necessary distinct connected
graphs with roots v, Vo, ..., v, respectively. A connected graph G= G10Go...o Gt is called the multiple
coalescence of Gy, G,...,G; provided that the vertices vi, Vo, ..., vi are identified to reform the coalescence
vertex v.

168



JZS (2016) 18- 1 (Part-A)

The t-tuple coalescence graph is denoted by G'*! is the multiple coalescence of t isomorphic copies
of a graph G. In the same way, we shall use G, o Gé“ to denote the multiple coalescence of Giand t copies of

G». Therefore, all coalescence graphs have v as a common cut-vertex.

Some graphs and their operations are illustrated in Fig.1.2. v
3

A SN
7

XTopYlq < X
X T
7S

XD pla < Y

G, oG
Figure -2: Miuiltipie coalescence Gl o G2 ° G3, 3-tupie coalescence 61'3' and coalescence of both G, o (;2'2'.
Definition 1.8: [2] and [10] Let G be a graph consisting of n vertices and L = {H1, Ha, ..., Hy} be a family
of rooted graphs. Then, the graph formed by identifying the root of Hy to the k(1 <k<n) vertex of G is
called the generalized coalescence graph and is denoted by G(L). G itself is called the core of G(L). If each
member of L is isomorphic to the rooted graph H, then the graph G(L) is denoted by G(H). Recall G1, G, and
Gs from Fig. 1.2 then, we have

N
o
@
w

Gz(Gl) G,(L),L={G,,G,,G,,G;}

Figure -3.: Generalized coalescence graphs.
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2 b-Bridge Tuple Graphs
In this section, we introduce new types of coalescence graphs and evaluate their nullities.

Definition 2.1: Let (Gi,ui) be b rooted graphs, i=1,2,...,b, where uiis a root of Gi. Let K be the trivial graph

with vertex v, then the b-bridge tuple grathlb(G")is a graph obtained from K; UY_, G,with extra b bridges,
namely vu;, i=1,2,...,b. See Fig. 4 where Gi=C,, for each i.

Next, we shall give the following results
Proposition 2.2: Let, the root uii be an end vertex of each path P,y 41,Pop,, for 1 <i <b, b >2, then, i)

TI(Kb(PZni+1)

_ .o b(PZnL-) _
| )=b-1 and ii) n(K; )=1.

Proof: i)This graph is a type of a star like graph, the zero-sum weighting for such a graph is easily

b(Pyy, _
determined using exactly b-1 independent variables. n(K; ®: ‘H)):n(Uf’:ll Pyn;+1)=b-1, by [9, Lemmal.3.9

]

.. . n . b(Pzn;), _

i) Applying E.V.C. ( Xi=; n;) times, we get (K, =~ )=n(Ky)=1. m

Proposition 2.3: If (Gi,ui)=( Cs,us), for any vertex usi of C3,1 <i<b, b>1, then n(Kll’(C3))=0.

Proof: By using weighting procedure with the fact that semi-coneighbor vertices have the same weight, we
get: 2X1=2X>=...=2xp, and Xi+Xo+...+xp=0, which implies xi=0 for i=1, 2, ..., b, then, there exist no non-

trivial zero-sum weighting for the graph K?(Q), hence n(K;’(Q)):O.

Proposition 2.4: If (Gj,ui)= (Cs,uy) for any vertex us; of C4,1 <i<b, then n(Kf(C“)):Zb—l.

Proof: There exist b pairs of coneighbor vertices, hence applying C.L. b times, that is removing a vertex
from each of such a pair, we get: n(Klb C4)=b+ n(Klb P3)

Hence, by Prop. 2.2, n(KfC‘*)=b+(b—1)=2b—1. See Fig. 4.Also, by Theorem 1.3, we get the result.

-Xl

Y1 -Y1

Yb X1 %

X1+ 0 X2 %o
-Xo-...-Xp

- i - Mweighti bics) Y2
Yo Figure - 4:.MweightiMg for thdgraph K>
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Morever, applying the same weighting procedure, it is clear that for each i zl,n(Kf (C‘”))=2b-1. |

Proposition 2.5: The nullity of the graph K;?(++/) is given by, n(K.

b(C4i+j))_{ OI lf] = 1 or 3,
1

- 1, ifj = 2.
Where i>1, such a result can be explained by the following simple equations.

Proof: We use weighting procedure as we have given in proving Prop. 2.3 and Prop. 2.4. If j=1,we get: -
2X1=-2X2=...=-2Xp and X1 +Xz+...+x,=0.

Thus, we have x;=0, then there exist no non-trivial zero-sum weighting, gives n(Klb (C‘”“)):O.

If j=3, also we get: 2x1=2%,=...=2x; and X1 +Xo+..+x,=0, we get x;=0, then, there exist no non-trivial zero-
sum weighting, thus ( Klb(c““))zo..

If j=2, we get: -2y1=-2y,=...=-2ys=> Y1=yo=...=yp, then n(K.C*+))=1,

Also, we can apply Theorem 1.4 to get the result. m

Proposition 2.6: The nullity of the grathlb(K"'")is n(Klb(K"'"))=2b(n-1)-1, n>1.

Proof: Applying C.L. to all coneighbor vertices, we get:n(Klb(K“'"))=b(n—1+n—2)+n(K1b(P3)),
Then, by Prop.2.2(i), we get m(K, ""™)=b(2n-3)+b-1=2b(n-1)-1. m

Proposition 2.7: If (Gj,ui)= (Ky,us) for any vertex usi of K, 1 <i<b, then n(Klb(K”))=0, n>3.

Proof: Starting with the first component and apply semi-coneighbor lemma, then all vertices which are not
adjacent with v must have the same weight, say x and each vertex adjacent with v must be weighted by -(n-

2)x, while v must be weighted by -(n-1)x. If we add the weights over the neighborhood of v, we get b[-(n-

2)x]=0, therefore, (n-2)x=0 if n#2 then x=0, and there exist no non-trivial zero-sum weighting forKlb (K”),

therefore, n(Klb (Kn) )=0.

If n=2, then by Prop. 2.3 n(Klb (KZ))=1. Hence the proof is complete. m

(2)
Proposition 2.8: If (Gi,u)=( Qs®,ux),1 <i<b, b>1, then n(k, % ))=1.

(2)
Proof : Applying Theorem 1.4., we get:n(Kf(Q3 ))22?;11 n(ng))-i- n(Q§2)+V), applying E.V.C:

@
Nk %) =310+ nQP-vi), then by [9, Prop. 251 and Lemma 25.2], we obtain,

()

Now we generalize the above proposition to

. )y . ()
Proposition 2.9: For n>1, the nullity of the graph Klb(QZi) is n(Klb(QZi))=b(n72)-l.

(2)
Proof: Applying Theorem 1.3, once : n(Klb(QZi)FZ?:ln(Qéi)) — 1, then by [9, Prop. 2.5.1], we have
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)
n(Klb(QZn))=b(n7/12) —1.m

Problem: For more generalizations of the above result one can ask for n(Klb(Q"i)), where, 1 <i<b, b>1.

3 b-Bridge Tuple Cycles

If the core vertex v of Ky in Definition 2.1 is replaced by a b-cycle Cy, with V(Cp)={Vv1,V2,...,vb},

then we call such a b-bridge tuple graph by a b-bridge tuple cycle and symbolized it by Cf,’(G"). That is

¢P©D s obtained from C UP_, G; with extra edges viuii, ui€V(G)), for i=1,2,...,b. See Fig. 5
b b Uj=1 Ui g g

n n
b(Gy)
Pl

| |
Figure -5: The b-bridge tuple cycle graph C

Proposition 3.1: If Gi=K, for all i, 1 <i <b, then n(Cy*")=0.
Proof : The result holds, by applying E.V.C. b-2 times, m

The same result holds if K. is replaced by P, ,,in the above proposition, in which u; is an end vertex of
Pop, 41, fori=1,2, ...b.

b(Pyp, [ =
Proposition 3.2: If GizP,,,.then n(C, (P2 l))z { ?) Z;I;lem(jgzowl)’

Proof : Applying E.V.C. nb times we get the result.m

Proposition 3.3: If Gi=Kp, p >2 and b=3,4,5, then n(C, *’ )=0.

Proof : If p=1, it is clear by Prop. 3.1, that C;’(K”)

bK\_ [ 2, ifb = 0(mod4),
) { 0, otherwise.

is non-singular, while if p=2 then by Prop.3.2 we get:
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(Kp)

Assume that p > 2, the weighting for C;’ can be constructed, but the coefficients of the independent

. . . .. . . b(K.
variables are rational numbers, then there exist no non-trivial zero-sum weighting for C4( 2

For b=5, using row elimination method, we can prove that the determinant of the coefficients of the above

(K

. . - S b .
system is not equal to zero. Hence, there exists no non-trivial zero-sum weighting forC, ”), which means

that it is non-singular.m

Open problem: Evaluate n(C: (K")), where b >6.

b, ifn =0(mod4),

Proposition 3.4: If Gi=C,, then n(C;’(C"))= { 0 otherwise

Proof : If n=3, the prove follows by Prop. 3.3.If n=4, it is clear that n(Cl?(C‘*)):b.

Since, there exist b pairs of coneighbor vertices, by removing a vertex out of each such a pair of
vertices, we get r](CIIjj (C"))=b+n(C II: (P3)) =b+0=b. m

Proposition 3.5: The nullity of the graph C;’(PZ"“'C‘”") is given

b(Pzn+1*Cam)y— b+ 2, ifb=0(mod 4),
oyn(Cy ) { b, otherwise.

2, ifb = 0(mod 4),.

Proof: Applying Theorem 1.3, b times,n(Cf:(P2”+1'C4m)):2b-b+ n(Cy) :b+{ 0 otherwise

Figure - 6:The graphclf("znﬂ'cm).

Proposition 3.6: The nullity of the graphc, 22*¢m) i n(c P Pen*Cam)y=py
Proof: Is similar to the proof of Prop. 3.5.m
4 Sequential Edge Introducing Between t-Tuple Coalescence Graphs

In this section, we determine the nullity of sequential edge introducing between t-tuple coalescence
graphs, for some special graphs.

Let {(G\", v,), (G}, v,),.... (G, v.)} be a set of r vertex disjoint connected t-tuple graphs and the
graph H(G!":n=61": G)1': ... 6], : G)for all ti=t, be obtained from 61, G}, ..., G}y introducing r-1 new

edges between the rooted vertices vi vi, i=1, 2,.., r-1 of these t-tuple coalescence graphs Gi't"', for r > 2 and
t> 2.
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If each G, is P)*! , then the graph, H(P."': r) is illustrated in Fig. 7.

L] ° .
"C;U_
o~
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w_
S
o

<
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<

{ 2
o
<
W,
.
$
‘.o

Figure -7:The graph H(P)": r).
The nullity of H(PI!”: r) is determined in the next proposition.
Proposition 4.1: The nullity of the graph H(Ppltl: r)is given by

a) If p=2n, where the attachment vertex is at any vertex, then n(H(letl: r))=r(t-1).

b) If p=2n+1, where the attachment vertex is at a neighbor of an end vertex or at a vertex with zero
weight, then n(H(P)": 1)) =r(2t-1).

c) If p=2n+1, where the attachment vertex is at a vertex with non-zero weight, then

itl. w_( Lifrisodd,
nHE .r))—{ 0,ifriseven.

Proof: a) Applying E.V.C. n(r-1) times, we get:
N(H(PY: r)=t-1+t-1+..4n(P)), by [2, Prop. 3.1.2(1) ] n(PI)=t-1, then we get n(H(P)"': r))=r(t-1).
b) Applying E.V.C. r times, n(H(letl: r))=2t-1+2t-1+...+2t-1=r(2t-1).
For ¢) If ris odd, applying E.V.C. (n+(r+1)/2) times we get
n(HP): r))=n(P)), by [2, Prop. 3.1.2(iii) 1, n(PI)=1, therefore,
n(H): r)=1.
If r is even, by using E.V.C.(n+(r+1)/2) times we get the result.m

Let C!f' be the t-tuple coalescence graph of a cycle graph Cp,then H(Cz'f': r) have order r(t(p-1)+1)
and size r(tp+1)-1, and the diam(H(C': r))=2diam(C;)+r-1.

The nullity of H(C!f': r) is determined in the next proposition.

Proposition 4.2: The nullity of the graph H(C;f': r) is given by
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rt + 1,ifrisodd,
rt,ifriseven.

b) If p=4n+2,n=1,2, ..., then. n(H(C}': M)=r(t-1)
¢) Ifpisodd, then. n(H(C)': 1))=0.

a) Ifp=4n,n=1,2, ..., then. n(H(C): r))={

Proof: If r is odd, by applying Theorem 1.4, r times we get: n(H(Czl,tl: r)=t+t+. .. +t+n(Pr) =rt+1.

If r is even, by applying Theorem 1.4, r times we get: n(H(Czlfl: N)=t+t+...+t+n(Py) =rt.
a) Again applying Theorem 1.3, r times to this case we get :

NCH(CY: n)=t-1+t- 1+, +t-1 =rt-r=r(t-1).
b) The proofis easy.m

Denote the t-tuple coalescence for complete bipartite graph Kby H(K,'lf,'l). Then, the nullity of
H(K,}: r) is determined in the next proposition.

Proposition 4.3: The nullity of the graph H(K,'f,'l: r) is given by

a) Ifn=1, then n(H(K]"}: N)=r(t-1).
rt+ 1, ifrisodd,

rt, ifriseven.
rt(2n—3)+ 1, ifrisodd,
rt(2n — 3), ifriseven.

b) Ifn=2, then n(H(Kzl,tzl: r)):{
¢) If n>2, then n(H(K,}: r)):{

Proof: The proof follows from Prop. 4.1(a).

a) The proof follows from Prop. 4.3 ().
b) If r is odd, removing all but one of the coneighbor vertices of Kny in eachK,'f,'l, we get: n(H(K,'f},L:
1))=t(2n-3)+t(2n-3)+...+1(2n-3)+n(H (P}, | : 7)), by Prop.4.1(c)

N(H(PLL - 7)=1, thenq(H(K,\ L : )=r(t(2n-3))+1.

n

If r is even, then by removing all but one of the coneighbor vertices of each K, in each K,'f,'1 :
NHEK L : 0)=t@n-3)+t(2n-3)+.. +t2n-3)y(H (P, ,: 7))

2n+1-

we get:

By, Prop. 4.1( ¢ )(H (P)Y), ;:7))=0, then n(H(K,'}: )=rt(2n-3).m

Denote the t-tuple graphcoalescence for complete graph Ka byH(K,!). Then the nullity of H(K ! r)
is determined in the next proposition.

Proposition 4.4: If n=2, then n(H(K.'': r))=r(t-1), while, if n > 3, then n(H(K,"': r))=0.
Proof: Follows from Proposition 4.3.1.(a) and For n > 3, by [2, Prop. 3.1.3(ii)]

n(HK ! 1))=0, also by applying S.C.L. the graph H(K!"': r) is non-singular. m
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5 Path Introducing Between (n,m)-Tuples Coalescence Graphs

In this section, we are going to determine the nullity of an even (odd) path introduced between n-
tuple coalescence and m-tuple coalescence graphs.

Definition 5.1: Let F be the graph obtained by an even(odd) path introduced between n-tuple coalescence G;
and m-tuple coalescence Hj, Vi, j,i=1, 2, ..., n and j=1, 2, ..., m, if the coalesced vertex is at an end vertex.
We denote our notation by F=]]iL,; G;: B,: TI}=, H;-

The nullity of an even (odd)path introduced between n-tuple coalescence and m-tuple coalescence of
path graphs of the form P; is studied in the next proposition.

Proposition 5.2: If each G; and H;is a path, then

)] n(H?:1P2i=P2k=H§~":1Pz,~)=n+m—2-
i) ([T y Poi: Pogerr: [T, Pyj) =n+m — 1.
iii) N([Ty Paisr : Poe: TT7E 1 Pajsa) = 0.

iv) H(H?ﬂ P2i+1:P2k+1:H7;1 P2j+1) =1

V) T](H?:l Pyiyq1:Poy: H;ril sz) =m.

vi) n(l'[?=1 Pyiy1:Pogyr: H}Z1 sz) =m— 1.

Proof: For all cases, applying E.V.C. we get the results. m

The nullity of an even (odd) path introduced between n-tuple coalescence and m-tuple coalescence
of cycle graphs of the form C; is studied in the next proposition.

Proposition 5.3: If each Gi and Hjis a cycle whose order is multiple of 4, then

i) n(H?=1 C4i:P2k1H7i1 C4j) =n+m.
i) n(H?=1 Cai* P H;nzl C4j) =n+m+1.

Proof : i)  Applying Theorem 1.4 for each Ca4i and Cgwe get:

N([Ty Cai s Poy: I17%, Cij) =n+m+n(Py), but n(Py) =0, then (T Cai : Pag: IT7%, Cyj)=n+
m.

ii) Applying Theorem 1.4 for each C.i and C4; we get:
n(H?=1 Cyi: Pagyq: H}n=1 C4j) =n+m +N(Pak+1), but n(Pyxsq) = 1, then

([T Cai: Pog: [T, Cyj) =n+m+ 1m

The nullity of an even(odd)path introduced between n-tuple coalescence and m-tuple coalescence of
complete bipartite graphs of the form K, is studied in the next proposition.

Proposition 5.4: If each of G and Hjis K, r>2, then

I) n(H?=1 Kr,r : sz: H;n=1 Kr,r) = (21‘ - 3)” +m.
“) n(H?=1Kr,r : P2k+1: H;ril Kr,r) = (ZT - 3)Tl +m+1.

Proof : i) By applying C.L. and using Prop.5.3 we get the result.
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ii) By applying C.L. and using Prop. 5.3 we get the result. m

The nullity of an even (odd) path introduced between n-tuple coalescence and m-tuple coalescence of
complete graphs is studied in the next proposition.

Proposition 5.5: If each G; and Hjis a complete graph, then

i) ([T Kri s Pox: T4 K j) = n+m = 2,ifry, 1 = 2, forall i, j.
ii) ([T Kri s Pogesr: [1e1 Krj) = n+m— 1,ifry, 1 = 2, forall i, j.
il) ([T Kri: Poe: [T Kyj) = 0, if 1 = 3, forall i, j

iv) N(ITiy Kt Pogesn: [1721 Krj) = 0,if 13,73 = 3, forall i, j.

Proof: Follows from Prop. 5.2(i).

(i) Follows from Prop, 5.2(ii).

(i)  For n > 3, then by [2, Prop. 3.1.3Gii)], n( K\")=0 and applying S.C.L., then, []™,K,; and
[17%, Ky;are non-singular, therefore n(TT7; Ky; : Pag: ]'[}”:11(”-) = 0.

(iii)  Is similar to the above case. m
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